Abstract: When a rotary machine is running, from which the acquired vibro-acoustic signals enable to reveal its operation status and health condition. The study proposed a DSP-based adaptive angular-velocity Vold-Kalman filtering order tracking (AV2KF_OT) algorithm with an online realtime nature for signal interpretation and machine condition monitoring. Theoretical derivation and numerical implementation of computation schemes are briefly introduced. An online real-time monitoring system based on the AV2KF_OT algorithm, which was implemented through both a digital signal processor and a user interface coded by using LabVIEW, was developed. Two experimental tasks were applied to justify the proposed technique, including (i) the detection of startup on the fluid-induced whirl performed through a journal-bearing rotor rig, and (ii) the separation of close orders from the measured signals of a multifunction transmission-element ballbearing bench.
Introduction
Various mechanical systems have their specific ways to transmit power for motion. Rotary machine elements such as gear sets, belt drives, or chain modules play an important role in the mechanical systems. Lots of researches have endeavored to diagnose and control the state of the machine health, as a result to avoid or solve the machine problems and save the cost. Mechanical systems under periodic loading due to rotary operation usually respond in measurements with a superposition of sinusoids whose frequencies are integer (or fractional integer) multiples of the reference shaft speed, which is usually the revolution speed of the loading with the slowest one. The fundamental frequency corresponding to the shaft speed is called a basic order. The order tracking (OT) is one of effective tools for the signal interpretation and diagnosis of rotary machinery. This technique enables to extract the sinusoidal contents of measurement from a mechanical system under periodic loading, and is frequently applied in analyzing dynamic signals measured from rotary machines.
All developed OT techniques can be classified into two categories including waveform nonreconstruction and reconstruction schemes [1] . The waveform non-reconstruction schemes, which can process signals to be characterized into a rpm-frequency or rpm-order plane but cannot reconstruct the time waveforms of specific orders, include the short-time Fourier transform (STFT) based order analysis, and the resampling scheme [2] [3] [4] . In contrast, the waveform reconstruction schemes, which enable to extract specific spectral/order components and reconstruct their time waveform, include Vold-Kalman filtering OT (VKF_OT) techniques [5] [6] [7] [8] [9] , the recursive least-squares (RLS) OT [10, 11] , and Gabor OT (GOT) [1, 3, 12, 13] , etc.
The conventional OT approaches like the windowed Fourier transform (WFT) and the resampling methods primarily based on Fourier analysis have limited resolution in some situations and suffer from a number of shortcomings such as not available to obtain the waveform of an individual order of interest. Vold et al. [5] [6] [7] proposed a Kalman filtering based computation scheme for the estimation of high resolution, slew rate independent order components. Pan and Lin [8, 9] 
Theoretical Background
The basic idea of the conventional angular-velocity VKF_OT is to define local constraints, the socalled structural equation and data equation [7, 8] , which make the unknown complex envelopes smooth and relate the tracked orders to the measured signal. These two equations are solved by using a least-squares technique through a large number of matrix computations. It resembles the Wiener filter in mathematical operation. Furthermore, the Kalman filter is essentially a recursive algorithm whose solution converges to the optimum Wiener solution in some statistical sense. The mathematical model of the Kalman filter can be embodied in a pair of equations, i.e., the process and measurement equation [15] , as follows.
Process equation:
Measurement equation:
The proposed adaptive angular-velocity VKF_OT provides us a recursive algorithm without having to evaluate a huge inverse matrix with all observed time points. More precisely, this adaptive OT scheme is to derive and rewrite the structural and data equation in a form of process and measurement equation, respectively. Thus the original (off-line) angular-velocity VKF_OT [7, 8] with
Thus, the characteristic equation of (6) can be expressed as
where the operator notation D denotes a discrete-time delay, e.g. Dx(n)=x(n-1). The discrete time signal x(n) satisfies a second-order difference equation
where x(n) is the order component with an angular frequency  in rad/s to be computed. In realworld applications, an order component of interest with changing frequency to be tracked is usually contaminated with noise and other sinusoids. A heterogeneous term, (n), can be introduced to allow the sinusoidal wave to change its amplitude, phase and frequency slightly. Therefore, Eq. (8) can be modified as
Equation (9) is the structural equation of the angular-velocity VKF_OT for independently a single order to be tracked. Likewise, to extract K different spectral/order components simultaneously, the structural equation of each component can be rewritten as
where k represents the order/spectral index to be computed. Equation (10) can be further shown in matrix form like
, and
, then (11) can be expressed as
To simultaneously track multiple order/spectral components, Eq. (12) can be augmented to all Korder/spectral components to be extracted as following.
Similarly, the symbolized form of (13) becomes
Equation (14) is actually the structural equation of the adaptive angular-velocity VKF order tracking, and it satisfies the algebraic formality of process equation, Eq. (1), for Kalman filtering.
Data Equation
Assuming a dynamic signal y(n), measured from the operation of a rotary machine, contains a target order xk(n) that satisfies the structural equation, as well as other spectral/order components and embedded noise, it possesses a formality of
where the component (n) is composed of other not-concerned spectral/order components and measurement artifacts. Equation (15) is the data equation of the angular-velocity VKF_OT for independently tracking a single order or spectral component. For simultaneously tracking multiple rotation-related orders and/or spectral components such as resonances, the measured signal y(n) can be rewritten as a combination of several order/spectral components, xk(n), and measurement artifacts
where K denotes the number of order/spectral components to be tracked. Moreover, Eq. (16) can be expressed with a state vector, X(n),
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where
, then Eq. (17) can be expressed as
Equation (18) is the data equation of the adaptive angular-velocity VKF_OT, and has the same form as the measurement equation, Eq. (2) of a Kalman filter.
Waveform Evaluation Based on Kalman filtering
As mentioned previously, the deduced structural Eq. (14), and data Eq. (18), are formulated identical to the process and measurement equations of Kalman filtering. Consequently, the ordertracking problem can be considered as a state estimation problem like the procedure of Kalman filtering. The tracked order waveforms can be recursively solved by using Kalman filtering based on one-step prediction as illustrated in [14, 15] .
In the process equation for Kalman filtering, the 2K1 vector Z(n) represents process noise, modeled as a zero-mean, white-noise process whose correlation matrix is defined as below
Accordingly, the correlation matrix of the process noise can be defined as
where k(n) or l(m) is the element in the process noise vector Z(n), k,lj (=1,2,3,…, and/or K)
represents the index of the tracked order components,
is the element at the k th row and the l th column of Q1(n), and the asterisk denotes complex conjugation.
Likewise, the variable (n) in the measurement equation for Kalman filtering is the measurement noise, modeled as a zero-mean and white-noise process, whose correlation is defined by
It is noted that the process noise k(n) regards the higher order terms of the envelope (ak(n)) of each order component xk(n), and the measurement noise (n) relates to artifacts other than the order components of interest. It is assumed the process and the measurement noise are statistically independent, thus [ ( ) ( )] 0, for all and
In order to design parameters Q1(n) and Q2(n), the weighting factor r(n), introduced in the angular-velocity VKF_OT [5] , is employed into the error tolerance of both the structural and data equations, and defined as
where S(n) and S(n) are the standard deviations of measurement artifacts (n) and heterogeneous term (n), respectively. Two standard deviations, S(n) and S(n), are fulfilled Eq. (23).
Correspondingly, the introduced weighting factor r(n) also satisfies Eq. (22) to be defined as Eq. (20) for all n≠m. Therefore, r(n) can be introduced into the computation of Kalman filtering for the adaptive AV VKF_OT scheme; further, the relationship among r(n), Q1(n) and Q2(n) is acquired as
in which Q1(n) is generally an identity matrix I2K2K multiplied by q1. The assignment of Q1(n) can be set variously according to the nature of order or spectral components to be tracked, and Q2(n) is a scalar obtained by the squared waiting factor multiplied by the index of Q1(n).
As a result, the tracked order/spectral components, X(n), can be recursively solved by using
Kalman filtering based on one-step prediction [14] , which accommodates the weighting factor, r(n), and parameters of the proposed adaptive OT here for each time instant during data acquiring. In Eq.
(11), the instantaneous frequency of a non-stationary order component, 
Experimental Setup and Real-Time Monitoring System
Two rotary-system test bench were built up for the experimental work to justify the feasibility of the proposed scheme. Figure 1 shows a rotor test rig with a journal bearing. The test bench driven by a 90-watt AC induction motor includes a shaft with 550 mm long and a diameter of 9.52 mm, and a fluid-film bearing made of acrylics, filled with SAE 10 oil dyed in blue that allows visual inspection on the condition of the fluid film during experiments. Additionally, the bench was equipped by using a variable speed controller, two eddy current transducers to pick up vibration displacement of shaft, a centerline adjuster to regulate the journal position, and a speed transducer is installed between the motor and a flexible coupling to measure the rotor revolution speed.
A rotor dynamic system with a journal bearing may yield strong shaft shake due to lateral selfexcited rotor vibration, known as fluid-induced instability [22, 23] . Two phenomena, oil whirl and oil whip, occur at a relatively low and high shaft speed respectively, in which the whirl occurs when the journal operates close to the center of a bearing (low eccentricity). The revolution speed at which the instability onset occurs is called the threshold of instability. Oil whirl in general takes place in a range of 0.43 to 0.49 times of shaft revolution speed, while oil whip is usually associated with the first shaft bending mode and not influenced by the shaft speed occurs at a fixed frequency. Besides, as shown in Fig. 2 a motor-driven multifunction transmission-element test bench was also constructed to investigate the characteristics of a transmission element system, whose machine parts include a servomotor as the power source, multiple transmission components including a two stage speed reduction gearbox with a speed ratio of 5, an adjustable speed ratio belt driven set, and a roller chain set with a speed ratio of 12 to 7; further, an electromagnetic brake is employed to serve as a load of the system, and a two-piece flywheel set with radial screw holes is mounted on the main shaft for conducting necessary system balance.
To realize an online real-time monitoring system, a DSP (TI TMS320C6713) was employed as the computation kernel, together with two sets of I/O modules with a 125 kHz sampling rate and eight channels for each. The adaptive angular-velocity VKF_OT scheme was coded through C++ and code composer (Sheldon Instruments). Besides, the graphical user interface was coded in an environment of LabVIEW for the parameter setting and handling of data acquisition, processing and illustration, as shown in Fig. 3 .
The built-up monitoring system with using an adaptive velocity VKF_OT scheme was employed to monitor the status (whirl or whip) of journal-bearing rotor system and to separate close orders that arise from a multifunction transmission-element test bench. An appropriate response reacts as soon as the detection of incipient instability of motion through online real-time monitoring. This can prevent severe vibration from causing machine damage. During the DSP programming procedure, the most important thing is the memory configuration. Memory arrangement includes user interface input parameters, such as the sampling frequency (fs), the length of the interception of data, and weighting factor, etc. Each obtained output signal is assigned to a different memory location. Once the memory position is allocated, the computer and the DSP card go through such a memory location corresponding to the read data. As shown in Fig. 4 , the DSP programming that requires to read a specific memory location only needs to call the corresponding name by using the LabVIEW diagram of operating elements. 
Simulation and Experimentation

Numerical Simulation
Two synthesized signals are designated to justify the real-time monitoring feasibility of the proposed scheme; the one is for tracking the vibration response of whirl and whip phenomena and the other is for separating two close order vibration signatures along the run-up of shaft speed. 
Synthetic signal 1: tracking of whirl and whip vibration responses
The synthetic signal is composed of two order components, order 0.47 and order 1 corresponding to whirl response and unbalancing, respectively, and a fixed-frequency one to mimic whip signature. This imitates a journal-bearing test bench speeding up from stationary to 7000 rpm in 180 s during the operation process. More precisely, the amplitude of order 1 increases from 1 to 4 constantly, order 0.47 starts from 2 at a speed of 3000 rpm to 4 till 6000 rpm, and the 47-Hz resonance (whip) occurs as the speed reaches 6000 rpm and its amplitude increases from 4 to 6 till 7000 rpm. Figure 5 illustrates the rpm-spectrogram of the synthetic signal that characterizes the above described spectral/order components. The parameter setting for the computation of adaptive order tracking employs the weighting factor r=2000, q1=0.1, and a sampling frequency fs=2000 Hz; thus it yields the extracted waveform of order 0.47 (Fig. 6) . It is found the order 0.47 component can be correctly extracted from 3000 to 6000 rpm except an artifact signature is also extracted arising from order 1 component at the low speed. Therefore, the amplitude of order-0.47 component, expressed as a root mean square (RMS) value, can be evaluated and employed for monitoring the occurrence of oil whirl. 
Synthetic signal 2: separation of close orders
In this case, the test bench speeds up from stationary to 3000 rpm in 5 s, with the sampling frequency of 2000 Hz. A three order component signal is synthesized, where two close orders, 4 and 4.2, are designated. Among these three orders of the synthetic signal, their RMS amplitudes are a fixed value of 2, linearly increasing from 0 to 10 and from 2 to 12 for order 1, 4, and 4.2, respectively. The signal is designed to validate the performance of the online real-time monitoring system based on the proposed scheme in separating close orders that arise from multifunction transmission elements of a rotating system. Two close orders are characterized by the rpm-spectrogram, as shown in Fig. 7 . The waveforms of order 4 and 4.2 were extracted by the scheme (Fig. 8) ; again, during the low speed phase below 800 rpm, these two close orders are mixing so that it causes the oscillation of computed RMS amplitudes. Figure 9 presents the error percentages, e(n),
where x(n) and y(n) are respectively the designated and extracted waveforms for the evaluated waveforms, and the multiplication MN is the data number for both x(n) and y(n). At low speed, below 800 rpm, the percentage of errors are larger due to the mixing amplitudes as shown in the Fig. 9 . Then it is seen the error percentages for order 4 and 4.2 become smaller than 5% and 3% as the revolution speed increases. 
Experimentation
As mentioned in section 3, the rotor test bench with journal bearing and the multifunction transmission-element test bench were constructed to justify our developed on-line real-time monitoring system with the AV2KF_OT scheme that was coded in an embedded DSP. The increasing speed of the journal bearing system causes the fluid induced instability, thereby the test was for whether the online adaptive angular-velocity VKF order tracking can accurately determine the operating condition of the machine and then handle the system. As to the multifunction transmissionelement system, the use of proposed scheme was for promptly tracking specific orders from a multiple-close-order signal.
Journal bearing test bench
In this case study through the journal bearing rotor system, the fluid-induced instability with various whirl situations was designated to be detected through using two vertically-mounted Eddy current proximity probes. The test bench operates to speed up continuously to 7000 rpm in 180 s. The data of journal oscillation were acquired with a sampling frequency 10 kHz and processed in a realtime manner using the one-step prediction scheme. As the machine speed gradually rises, the fluidinduced instability occurs. When these phenomena were generated by the rotor system, the online real-time monitoring system that is able to track specific vibration orders can immediately determine the machine running state. Figure 10 characterizes the incipient and on-going whirl instability; especially Fig. 10(b) shows the rpm spectrogram of extracted order-0.47 component through the computation using the adaptive OT. The extracted orders clearly show that the whirl starts at 3200 rpm and ends around 6800 rpm, whereas the whip occurs with a frequency of 52 Hz. The RMS amplitudes can be evaluated to indicate the occurrence of fluid-induced instability, and used for machine condition monitoring, as shown in Fig. 11 . For further investigation on varied status of test bench through tuning the center-line adjuster to raise the speed of whirl occurrence, the developed monitoring system can still monitor the machine condition effectively. Likewise, Figs. 12 and 13 illustrate that the real-time monitoring system detects the incipient instability of the bench that postpones to a higher speed, 3300 rpm. 
Multifunction transmission-element test bench
For the second case study using the transmission-element rotating system, the vibration of two close-order signatures was generated; that often occurs in a rotary machine with multiple transmission elements. The vibration signal with two close orders (order 1 and 1.31) arising from a slightly unbalanced shaft and the four times of belt speed was decoupled. The belt-speed frequency, fpulley, can be calculated as
where lbelt is the length of the belt, dpulley and fpulley denote the diameter and speed frequency of the driven pulley, respectively. It is noted that in the test the speed ratio of the belt driven set was 2.2.
Replacing the values of lbelt, dpulley and fpulley (680 mm, 155 mm, and 0.46 X) into Eq. (27) leads to fbelt=0.33 X; here X is the main-shaft speed (the same as the motor speed). As a result, the four times of the belt speed frequency is 1.32 X. The experiment was performed with the motor speed increasing from stationary to 3000 rpm in 5 s, and the sampling frequency of 5000 Hz. An accelerometer (B&K 4502) with a sensitivity of 8.83 mv/g was mounted above the gear box to measure the radial vibration. 
Conclusion
The paper proposed and implemented an online real-time monitoring system through using the adaptive angular-velocity VKF order tracking scheme coded through LabVIEW® and DSP chip module. First, two set of signals were synthesized to confirm its feasibility, and then the monitoring system was verified by two experimental test rigs, the journal-bearing rotor test bench and the multifunction transmission-element test bench, to understand its performance from the measured signals.
--For the case on journal bearing rotor system, the monitoring of various fluid-induced instabilities, whirl (order 0.47) and whip (resonance), was explored. Further, through tuning the center-line adjuster the occurrence of whirl can be regulated to a varied preferred speed. The developed monitoring system can be employed to detect incipient whirl conditions. --For the case on multifunction transmission-element test bench, the monitoring system accurately separates two close orders, order 1 from unbalance and order 1.32 from four times of belt speed, from the measured vibration signals.
